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Abstract
This paper is concerned with pseudo almost automorphic functions, which are more general and complicated than pseudo almost
periodic functions and asymptotically almost automorphic functions. New results, concerning the composition of pseudo almost
automorphic functions, are established.
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1. Introduction
Almost automorphic functions are part of a hierarchy of functions which starts with periodic functions, and these
functions were first introduced in the literature by S. Bochner [2] as a natural generalization of the classical concept
of almost periodic function. In 1980s, G.M. N’Guérékata [3] defined asymptotically almost automorphic functions as
perturbations of almost automorphic functions by functions vanishing at infinity.
It is known that a lot of parabolic partial differential equations with almost periodic coefficients, including Fisher
type equations that have biological significance as well as some quasi-periodically forced ordinary differential equa-
tions, have solutions being almost automorphic but not almost periodic. Therefore, in recent years, the theory of almost
automorphic functions and asymptotically almost automorphic functions has been developed extensively (see, e.g.,
D. Bugajewski and G.M. N’Guérékata [4] and N’Guérékata [6] and references therein).
However, to the best of the authors’ knowledge, results for pseudo almost automorphic functions, which are more
general and complicated than both pseudo almost periodic functions and asymptotically almost automorphic functions,
are rare (cf. T. Diagana [7]). Actually, there are even no results available in the literature on the composition of
pseudo almost automorphic functions. It is well known that the study of composition of two functions with special
properties is important and basic for deep investigations. For instance, from the nice work of D. Bugajewski and
✩ The work was supported partly by the National Natural Science Foundation of China (10571165), the NCET-04-0572 and Research Fund for
the Key Program of the Chinese Academy of Sciences.
* Corresponding author.
E-mail addresses: jliang@ustc.edu.cn (J. Liang), junz5@mail.ustc.edu.cn (J. Zhang), xiaotj@ustc.edu.cn (T.-J. Xiao).0022-247X/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.09.065
1494 J. Liang et al. / J. Math. Anal. Appl. 340 (2008) 1493–1499G.M. N’Guérékata [4], one can see the basic and key role of the composition of almost automorphic functions in
discussing the existence of almost automorphic solutions to semilinear equations. In this paper, we devote ourselves
to studying the composition of pseudo almost automorphic functions and we establish two composition theorems
about pseudo almost automorphic functions as well as asymptotically almost automorphic functions (Theorems 2.3
and 2.4).
Throughout this paper, we always assume that X is a Banach space, BC(R,X) is the space of bounded continuous
functions f : R → X with supremum norm.
Definition 1.1 (S. Bochner). A continuous function f : R → X is said to be almost automorphic if for every sequence
of real numbers {sn}∞n=1, we can extract a subsequence {τn}∞n=1 such that
g(t) = lim
n→∞f (t + τn)
is well-defined in t ∈ R, and
lim
n→∞g(t − τn) = f (t)
for each t ∈ R. Denote by AA(R,X) the set of all such functions.
From [3, Theorems 2.1.3 and 2.1.10], we have the following lemmas about basic properties of almost automorphic
functions.
Lemma 1.2. Assume f,g : R → X are almost automorphic and λ is any scalar. Then the following holds true:
(1) f + g, λf , fτ (t) := f (t + τ) and fˆ (t) := f (−t) are almost automorphic.
(2) The range Rf of f is precompact, so f is bounded.
Lemma 1.3. If {fn} is a sequence of almost automorphic functions and fn → f uniformly on R, then f is almost
automorphic.
Definition 1.4. We define serval classes of functions as follows:
(a) A continuous function f : R×X → X is said to be almost automorphic if f (t, x) is almost automorphic in t ∈ R
uniformly for all x ∈ K , where K is any bounded subset of X. That is to say, for every sequence of real numbers
{sn}∞n=1, we can extract a subsequence {τn}∞n=1 such that:
g(t, x) = lim
n→∞f (t + τn, x)
is well-defined in t ∈ R for all x ∈ K , and
lim
n→∞g(t − τn, x) = f (t, x)
for all t ∈ R and x ∈ K . Denote by AA(R ×X,X) the set of all such functions.
(b) A bounded continuous function f : R × X → X is said to vanish at infinity if limt→∞ ‖f (t, x)‖ = 0 uniformly
on any bounded subset of X. In particular, f : R → X is said to vanish at infinity if limt→∞ ‖f (t)‖ = 0. Denote
by C0(R ×X,X) and C0(R,X) the sets of all these functions.
(c) A bounded continuous function with vanishing mean value can be defined as
AA0(R,X) =
{
f ∈ BC(R,X): lim
T→∞
1
2T
T∫
−T
∥∥f (σ )∥∥dσ = 0
}
. (1.1)
(d) We also define AA0(R ×X,X) to be the collection of all functions f : t → f (t, x) ∈ BC(R ×X,X) satisfying
lim
T→∞
1
2T
T∫
−T
∥∥f (σ, x)∥∥dσ = 0
uniformly for any bounded subset of X.
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ready to introduce the set PAA(R ×X,X) of pseudo almost automorphic functions.
Definition 1.5.
(a) A continuous function f : R → X(R × X → X) is said to be asymptotically almost automorphic if there exist
g ∈ AA(R,X)(AA(R × X,X)) and φ ∈ C0(R,X)(C0(R × X,X)) such that f = g + φ on R(R × X). Denote by
AAA(R,X)(AAA(R ×X,X)) the set of all such functions.
(b) A continuous function f : R → X(R × X → X) is said to be pseudo almost automorphic if it can be decom-
posed as f = g + φ where g ∈ AA(R,X)(AA(R × X,X)) and φ ∈ AA0(R,X)(AA0(R × X,X)). Denote by
PAA(R,X)(PAA(R ×X,X)) the set of all such functions.
The definition of asymptotically almost automorphic function is a little different from the definition given by
Guérékata in [3], where the function φ was defined on R+. As a bounded continuous function φ ∈ C0(R × X) is an
element of AA0(R × X,X), we see that an asymptotically almost automorphic function is also pseudo almost auto-
morphic. And it is also a generation of asymptotically almost periodic function (see D. Bugajewski, T. Diagana and
C.M. Mahop [5] and B. Amir and L. Maniar [1]) because almost periodic functions is naturally almost automorphic.
Noting that AA0(R,X) is a vector space, we derive the following result as an immediate consequence of
Lemma 1.2.
Lemma 1.6. Assume that f,g : R × X → X are pseudo almost automorphic and λ is any scalar. Then the following
holds true:
(1) f + g, λf , fτ (t, x) := f (t + τ, x) and fˆ (t, x) := f (−t, x) are pseudo almost automorphic.
(2) f (·, x) is bounded for each x ∈ X.
2. Main results
Lemma 2.1. Let f ∈ BC(R,X). Then f ∈ AA0(R,X) if and only if for any ε > 0,
lim
T→∞
1
2T
mes
(
MT,ε(f )
)= 0,
where mes(·) denotes the Lebesgue measure and
MT,ε(f ) :=
{
t ∈ [−T ,T ]: ∥∥f (t)∥∥ ε}.
Proof. “Necessity.” See [8, Lemma 1.1].
“Sufficiency.” From the statement of the lemma it is clear that ‖f ‖M and for any ε > 0, there exists T0 > 0 such
that for T > T0,
1
2T
mes
(
MT,ε(f )
)
<
ε
M + 1 .
Then
1
2T
T∫
−T
∥∥f (t)∥∥dt = 1
2T
( ∫
MT,ε
∥∥f (t)∥∥dt + ∫
[−T ,T ]\MT,ε
∥∥f (t)∥∥dt)
 M
2T
mes
(
MT,ε(f )
)+ 1
2T
(
2T − mes(MT,ε(f ))) · ε
M + 1
 Mε
M + 1 +
ε
M + 1= ε.
So limT→∞ 1
∫ T ‖f (t)‖dt = 0. That is f ∈ AA0(R,X). The proof is then complete. 2T −T
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Lemma 2.2. If f : R × X → X is almost automorphic, and assume that f (t, ·) is uniformly continuous on each
bounded subset K ⊂ X uniformly for t ∈ R, that is for any ε > 0, there exists δ > 0 such that x, y ∈ K and ‖x−y‖ < δ
imply that ‖f (t, x)− f (t, y)‖ < ε for all t ∈ R. Let φ : R → X be almost automorphic. Then the function F : R → X
defined by F(t) = f (t,φ(t)) is almost automorphic.
Proof. Suppose that {sn} is a sequence of real numbers. Then by the definition of almost automorphic functions, we
can extract a subsequence {τn} of {sn} such that
(1) limn→∞ f (t + τn, x) = g(t, x), for each t ∈ R and x ∈ X;
(2) limn→∞ g(t − τn, x) = f (t, x), for each t ∈ R and x ∈ X;
(3) limn→∞ φ(t + τn) = ψ(t), for each t ∈ R;
(4) limn→∞ ψ(t − τn) = φ(t), for each t ∈ R.
If we define G(t) : R → X as G(t) = g(t,ψ(t)), then we can show that, for each t ∈ R,
lim
n→∞F(t + τn) = G(t),
lim
n→∞G(t − τn) = F(t).
Obviously, we have∥∥F(t + τn)− G(t)∥∥ ∥∥f (t + τn,φ(t + τn))− f (t + τn,ψ(t))∥∥+ ∥∥f (t + τn,ψ(t))− g(t,ψ(t))∥∥.
Since φ(t) is almost automorphic, φ(t) and ψ(t) are bounded. Therefore we can choose a bounded subset K ∈ X,
such that φ(t) ∈ K,ψ(t) ∈ K for all t ∈ R. By (3) and the uniform continuity of f (t, x) in x ∈ K , we have
lim
n→∞
∥∥f (t + τn,φ(t + τn))− f (t + τn,ψ(t))∥∥= 0.
Moreover, by (1), limn→∞ ‖f (t + τn,ψ(t)) − g(t,ψ(t))‖ = 0, so remembering the above triangle inequality, we
deduce that
lim
n→∞F(t + τn) = G(t), for each t ∈ R.
Using the same argument we can prove that limn→∞ G(t − τn) = F(t), for each t ∈ R. This proves that F(t) is
almost automorphic by the definition. 
We are now ready to study the composition of pseudo almost automorphic functions.
Theorem 2.3. Suppose that f (t, x) = g(t, x) + φ(t, x) is an asymptotically almost automorphic function with
g(t, x) ∈ AA(R×X,X),φ(t, x) ∈ C0(R×X,X), and g(t, x) is uniformly continuous on any bounded subset K ⊂ X
uniformly for t ∈ R. Then x(t) ∈ AAA(R,X) implies f (·, x(·)) ∈ AAA(R,X).
Proof. Put x(t) = α(t)+ β(t), where α(t) ∈ AA(R,X) and β(t) ∈ C0(R,X). It is easily verified that
f
(
t, x(t)
)= g(t, α(t))+ f (t, x(t))− g(t, α(t))= g(t, α(t))+ g(t, x(t))− g(t, α(t))+ φ(t, x(t)).
By Lemma 2.2 we know that g(t, α(t)) is almost automorphic.
On the other hand, the uniform continuity of g(t, x) implies that for any ε > 0, there exists δ > 0 such that∥∥g(t, x(t))− g(t, α(t))∥∥< ε
if x(t), α(t) ∈ K and ‖x(t) − α(t)‖ < δ. Since x(t), α(t) are bounded, there is a bounded set K such that
x(t), α(t) ∈ K for all t ∈ R. Moreover, β(t) ∈ C0(R,X) shows that for any fixed δ > 0, there exists T > 0 such
that ∥∥x(t) − α(t)∥∥= ∥∥β(t)∥∥< δ, for all |t | > T.
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lim
t→∞
∥∥g(t, x(t))− g(t, α(t))∥∥= 0.
Furthermore, φ(t, x) ∈ C0(R ×X,X) implies that limt→∞ ‖φ(t, x(t))‖ = 0. This proves that
g
(
t, x(t)
)− g(t, α(t))+ φ(t, x(t)) ∈ C0(R,X).
Therefore, f (·, x(·)) ∈ AAA(R,X). 
Theorem 2.4. Let f = g + φ ∈ PAA(R × X,X) with g(t, x) ∈ AA(R × X,X),φ(t, x) ∈ AA0(R × X,X), satisfying
the following conditions (i), (ii):
(i) g(t,x) is uniformly continuous in any bounded subset K ⊂ X uniformly for t ∈ R.
(ii) f (t, x) is uniformly continuous in every bounded subset K ⊂ X uniformly for t ∈ R.
If x(t) ∈ PAA(R,X), then f (·, x(·)) ∈ PAA(R,X).
Proof. Since f ∈ PAA(R × X,X) and x(t) ∈ PAA(R,X), we have by definition that f = g + φ and x = α + β ,
where g ∈ AA(R×X,X), φ ∈ AA0(R×X,X), α ∈ AA(R,X), β ∈ AA0(R,X). So the function f can be decomposed
as
f
(
t, x(t)
)= g(t, α(t))+ f (t, x(t))− g(t, α(t))= g(t, α(t))+ f (t, x(t))− f (t, α(t))+ φ(t, α(t)).
Let
G(t) = g(t, α(t)),
Φ(t) = f (t, x(t))− f (t, α(t))+ φ(t, α(t)).
Using assumption (i), we see G(t) ∈ AA(R,X) by Lemma 2.2. To show that f (·, x(·)) ∈ PAA(R,X), it is enough to
prove Φ(t) ∈ AA0(R,X).
Firstly, we will prove that f (t, x(t)) − f (t, α(t)) ∈ AA0(R,X). Clearly, f (t, x(t)) − f (t, α(t)) is bounded con-
tinuous. By Lemma 2.1, it is sufficient to show that
lim
T→∞
1
2T
mes
(
MT,ε
(
f
(
t, x(t)
)− f (t, α(t))))= 0.
Since x(t), α(t) are bounded, we can choose a bounded subset K ⊂ X such that x(R), α(R) ⊂ K . Under assump-
tion (ii), f is uniformly continuous on the bounded subset K ⊂ X uniformly for t ∈ R. So, given ε > 0, there exists
δ > 0 such that x, y ∈ K and ‖x − y‖ δ imply that∥∥f (t, x) − f (t, y)∥∥< ε, for all t ∈ R.
Then we have
1
2T
mes
(
MT,ε
(
f
(
t, x(t)
)− f (t, α(t)))) 1
2T
mes
(
MT,δ
(
x(t) − α(t)))= 1
2T
mes
(
MT,δ
(
β(t)
))
,
where β(t) = x(t)− α(t). Since β(t) ∈ AA0(R,X), Lemma 2.1 yields that for the above δ,
lim
T→∞
1
2T
mes
(
MT,δ
(
β(t)
))= 0.
So
lim
T→∞
1
2T
mes
(
MT,ε
(
f
(
t, x(t)
)− f (t, α(t))))= 0.
This shows that
f
(
t, x(t)
)− f (t, α(t)) ∈ AA0(R,X).
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uous in [−T ,T ]. Set I = α([−T ,T ]). Then I is compact in R since the image of a compact set under a continuous
mapping is compact, and so one can find finite open balls Ok (k = 1,2, . . . ,m), with center xk ∈ I and radius δ small
enough such that I ⊂⋃mk=1 Ok and∥∥φ(t, α(t))− φ(t, xk)∥∥< ε2 , α(t) ∈ Ok, t ∈ [−T ,T ]. (2.1)
The set Bk = {t ∈ [−T ,T ]: α(t) ∈ Ok} is open in [−T ,T ] and [−T ,T ] =⋃mk=1 Bk . Let
E1 = B1, Ek = Bk \
k−1⋃
j=1
Bj (2 k m).
Then Ei ∩Ej = φ when i 
= j , 1 i, j m. Clearly,{
t ∈ [−T ,T ]: ∥∥φ(t, α(t))∥∥ ε}
⊂
m⋃
k=1
{
t ∈ Ek:
∥∥φ(t, α(t))− φ(t, xk)∥∥+ ∥∥φ(t, xk)∥∥ ε}
⊂
m⋃
k=1
({
t ∈ Ek:
∥∥φ(t, α(t))− φ(t, xk)∥∥ ε2
}
∪
{
t ∈ Ek:
∥∥φ(t, xk)∥∥ ε2
})
.
It follows from (2.1) that {t ∈ Ek: ‖φ(t, α(t)) − φ(t, xk)‖ ε2 } are empty for all 1 k m. Therefore,
1
2T
mes
(
MT,ε
(
φ
(
t, x(t)
)))

m∑
k=1
1
2T
mes
(
MT, ε2
(
φ(t, xk)
))
.
Since φ(t, x) ∈ AA0(R ×X,X), and
1
2T
mes
(
MT, ε2
(
φ(t, xk)
))→ 0 as T → ∞,
we have
lim
T→∞
1
2T
mes(MT,ε
(
φ
(
t, α(t)
))= 0.
That is φ(t, α(t)) ∈ AA0(R,X).
Hence G(t) ∈ AA(R,X) and Φ(t) ∈ AA0(R,X). That is f (·, x(·)) ∈ PAA(R,X), which ends the proof. 
Example 2.5. Let us consider the function
φ(t) = max
k∈Z
{
e−(t±k2)2
}
, t ∈ R.
For any T > 0, set l = [√T ] + 1. Then we have
lim
T→+∞
1
2T
T∫
−T
max
k∈Z
{
e−(t±k2)2
}
dt = lim
T→+∞
1
2T
T∫
−T
max
−lkl
{
e−(t±k2)2
}
dt
 lim
T→+∞
2l
2T
+∞∫
−∞
e−t2 dt
= lim
T→+∞
l
√
π
2T
= 0.
Therefore,
φ(t) = max{e−(t±k2)2} ∈ AA0(R,X).
k∈Z
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f (t, x) = x sin 1
cos2 t + cos2 πt + φ(t) sinx, t, x ∈ R. (2.2)
Clearly,
x sin
1
cos2 t + cos2 πt ∈ AA(R ×X,X),
φ(t) sinx ∈ AA0(R ×X,X).
If we put x(t) = cos t + 11+t2 as an element of PAA(R,X), then the composition
f
(
t, x(t)
)= x(t) sin 1
cos2 t + cos2 πt + φ(t) sinx(t), t ∈ R, (2.3)
is pseudo almost automorphic by Theorem 2.4.
Remark 2.6. The function given in (2.3) is not asymptotically almost automorphic.
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